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ABSTRACT

The dynamic rocket thrust measurement is set forth as a part of
the overall ground test problem. Dynamiec thrust data obtained with
conventional thrust measurement techniques can be distorted because
of the transient response of the thrust stand-rocket engine mechanical
structure. Distortionless dynamic thrust measurement is shown to be
possible if the transfer function of the measurement system satisfies
certain criteria, Three independent techniques satisfying the distor-
tionless measurement criteria were investigated both analytically and
experimentally, and the results are presented and discussed. The
development and use of several dynamic force calibrators are also
discussed,
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SECTION 1
INTRODUCTION

1.1 SCOPE OF THE GROUND TEST PROBLEM

Important data to be gathered during rocket engine ground tests are
engine thrust and total and/or specific impulse. At the present time,
acceptably accurate static thrust and total impulse measurements are
possible with well-designed thrust measurement sys’cems1 over the
entire force range from 1076 through 108 1b (Refs. 1-7). Recent re-
search efforts have vielded several feasible approaches for performing
relatively accurate dynamic thrust measurements (Refs. 8-11), Although
of utmost importance, static and dynamic thrust measurement is but a
portion of the overall ground test problem.

In addition to thrust measurement accuracy, totally effective ground
testing of rocket engines must provide environments (altitude, tempera-
ture, etc.) typical of that to be experienced by the engine in actual flight.
The degree to which the flight environments can be simulated depends
upon the characteristics of the test engine (size, exhaust efflux rate,
etc.) and the levels to which particular simulation technologies have
been advanced. For example, in the field of ion rocket engine testing,
there have been recent significant development of test facilities capable
of providing realistic launch to ultimate altitude ambient pressure simu-
lation (atmosphere to 1079 torr in 60 sec) and uninterrupted, long term
{10, 000 hr) ultimate altitude pressure simulation (10‘7 torr) under the
detrimental influence of the energetic ion rocket exhaust efflux
(Refs. 12-15}. In this particular case, pressure simulation is most
important since the test cell background pressure profoundly affects
the thrust performance of the ion engine.

The effort that should be expended to provide realistic environ-
mental simulations while simultaneously performing thrust measure-
ment is dependent upon the possible interactions between the environ-
ment variable and the thrust variable. For example, the effects of
flight vehicle vibrations on the thrust performance of certain ligquid-
propellant rocket engines can be quite pronounced (Refs. 16-18).
Structural, vibration-induced, propellant feedline pressure surges can
result in undesirable surges of thrust. This process can be regenerative,

1The phrase, thrust measurement system, is meant to include the
rocket engine, its mounting structure, and all attached mechanical com-
ponents, as well as all associated electronic components.
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and large amplitude thrust surges are possible. It is generally not
feasible to ground test entire flight vehicles because of the inadequacies
of most test facilities. Bven the ground testing of the entire vehicle
may not reveal combustion instabilities that could be experienced in
actual flight since the ground test vibration environment is generally
not the same as that experienced in actual flight (Ref. 19). However,

a recently proposed solution for the difficult problem of simulating
flight vehicle dynamics is a controlled response, servo-mechanism-
type, thrust measurement-vibration simulation system (Ref, 20},

1.2 THRUST MEASUREMENT PROBLEM

The major factors contributing to thrust measurement errors are
(Ref. 21):

Hysteresis,

Initial alignment,

Deflection under load,
Redundancy of thrust restraint,
Pendulum effects,
Temperature effects, and
System dynamics,

LS I o) B L RS Sy L T N I

Meaningful and accurate ground test thrust measurement requires
evaluation or actual simulation of the expected flight environment
variables and minimization of the error-producing mechanisms men-
tioned above.

Studies concerning thrust measurement error mechanisms,
(1) through (6), listed above are extensively documented, and simula-
tions of the various environments are studies in their own right. The
following discussions will therefore be limited to assessment of thrust
measurement error attributable to system dynamics and analytical and
experimental investigations of dynamic thrust measurement techniques,
since this still remains a subtle and sometimes formidable problem,

1.2.1 Thrust Measurement Error Attributable to Dynamics

During dynamic thrust periods, the thrust stand-rocket engine
mechanical system natural frequencies may be excited, and large meas-
urement errors are possible. The nature of the dynamic thrust meas-
urement problem is illustrated in Fig, 1. Figure 1a shows three typical
mounting configurations for rocket engine testing. Figure 1b is a
general single-axis multi-degree-of-freedom analytical model repre-
senting any one of these mounting configurations. Under certain
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circumstances, to be discussed, the analytical model shown in Fig. 1b
can be simplified to thai of Fig. lc.

The entire thrust measurement system is actually a force trans-
ducer consisting of mechanical and electrical components as shown in
Fig. 1d. Thrust force is the input variable, and an electrical analog
signal is the output variable of this transducer.

Calculation (using the model of Fig. 1b or Fig. lc) or experimental
measurement of the system response to a thrust inpui, F(t), would yield
data as shown in Fig. le. It is seen that electronic noise is a possible
scurce of degradation of X(t) as the analog representation of F(t) as well
as distortion caused by the mechanical system transient response. The
ideal thrust measurement system would yield an analog time-function
output which is an exact scaled replica of the input thrust. The solution
then to the dynamic thrust measurement problem depends upon the
development of techniques which will yield an analog output which is an
accurately scaled, undistorted, replica of the thrust force input.

One of the first successful techniques to yield an accurate analog
output signal representative of the dynamic input thrust utilized mathe-
matical operations involving experimentally determined thrust measure-
ment system parameters and the distorted load cell signal (Ref. 22},
This technique has been shown to yield accurate results though it neces-
sarily involves post-firing computations and operations on the distorted
load cell signal (Ref. 23). This computation technique has been followed
by several successful "on-line' techniques which provide immediate
analog representations of the input thrust.

The following discussions will deal mostly with thrust measurement
systems capable of on-line dynamic measurements as opposed o sys-
tems requiring post-firing computations or operations.

SECTION I
FUNDAMENTAL CONSIDERATION OF MECHARICAL STRUCTURE TRANSIENT RESPONSE

2.1 ANALYTICAL CALCULATION OF SYSTEM RESPONSE

The degree of success in analytically predicting the responses of a
complex mechanical structure to input forces is directly determined by
the adequacy of the model used to approximate the particular structure.
All mechanical systems are fabricated with continuous mass members
and in some cases can be successfully analyzed only by distributed
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parameter technigues since the motion response of each incremental
mass point is a function of both position and time. However, for all
practical purposes, the analysis of many systems is successfully
carried out by considering the mass, elasticity, and energy dissipa-
tion mechanisms to be lumped quantities located at discrete points in
the system model.

Assuming the adequacy of the lumped parameter model, several
simplifying but oftentimes valid assumptions can be made before formu-
lating the equations of motion. In particular, small oscillations of time
invariant, lumped parameter mechanical systems may be describable
by ordinary, linear differential equations with constant coefficients.
The energy dissipation mechanism is f{requently represented as being
viscous in nature with damping proportional to velocity. Under these
conditions, the equations of motion of the system are conveniently
derivable by application of D'Alembert's principle or by the Lagrangian
formalism., The analytical expression for the natural frequency dis-
placement response of mass point Mi of an n-degree-of-freedom struc-
ture is given by {(Appendix II):

* —-a .l .
q; = Clr e ' cos (&th + #l}“)s 1 = 1,2,‘-',0, (1)

r

Ls

where Cir is the peak displacement response of mass point Mj attrib-
utable to the natural frequency r, and o, is the damping time constant
associated with the natural frequency r.

When the energy dissipation of a linear system is negligible,
normal mode theory can be used to determine the response of the Mj
mass points attributable to the r natural frequencies. The natural
frequency displacement response is given by the following general ex-
pression (Appendix II};

n
q’: = X A, sin (wrt + l;'/",), i=1,2...,n, (2)
r=1
where Ajy is the peak displacement response of mass point M; attrib-
utable to the natural frequency r.

The discussions to follow will consider principally single-~axis
thrust measurement systems with small displacements so that the
generalized coordinate g;* becomes the cartesian coordinate qgj(t).

The analytical prediction of the transient structural response of a
rocket thrust stand in the design stage will yield expressions of the form
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of Eq. (1) or (2). However, once the stand is built the actuzl response
of the thrust stand-rocket engine system will include the transient
response characteristics of the engine structure.

A recent analytical and experimental motion response study of a
large space vehicle has demonstrated the validity of using lumped
parameter model formulation and normal mode theory (Ref. 24). In
this particular study, it was found that a lumped parameter model of
the space vehicle yielded analytically predicted responses as accurate
as those predicted by a distributed parameter model, since both models
produced analytical results in good agreement with experimentally
determined responses,

2.2 EXPERIMENTAL DETERMINATION OF SYSTEM RESPONSE

The adequacy of any model formulation and subsequent calculation
of response can only be verified by correlation with the experimentally
determined system response. The experimental determination of
motion response at a particular coordinate in a multi-degree-of-
freedom system can be conveniently carried out by applying mechanical
impedance techniques (Refs. 25-26}. In general, any portion of a struc-
ture has six degrees of freedom: three orthogonal rectilinear motions
and three possible rotational motions. Therefore, the complete specifi-
cation of the mechanical impedance would require six impedance com-
ponents. However, for the present discussion, only one rectilinear
impedance component will be specified.

The unidirectional, rectilinear, mechanical impedance measured
at any coordinate point of a structure at any particular radian frequency, w,
is defined by the following equations:

Zlw) = }j(m) ej""} (3)
q@)
or
- & (s ] 7
Z(Cl)) = 11(@) e] (V-{—ﬂ/ 2) (4)
& qlw)
or
7o) < @ Flw) ej(t,r'/—rr/2)

(5)

ﬁ(w)

If F(w) and g(w) or qw) or ﬁ(w) are experimentally measured at the
same point on the structure, the calculated impedance is termed the
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driving point impedance. The measurement of a motion response
variable at a point other than the point at which the force is applied re-
sults in a calculation of a transfer impedance.

A graphical plot of the magnitude and phase of the mechanical
impedance results in a useful presentation of the effects of the resonant
and antiresonant frequencies of the structure at the point in question,

A mechanical impedance plot for a thrust stand-rocket engine structure
would indicate the natural frequencies to be contended with during
transient response periods since, for a lightly damped structure, the
resonant and natural frequencies are practically the same. The excita-
tion of the structural natural frequencies during transient response
periods is the essence of the dynamic thrust measurement problem,

the solution of which must necessarily yield techniques to determine
the true thrust function input in spite of the effects of the excited
natural frequencies.

SECTION 1l
THRUST TRANSDUCTION AND INFORMATION TRANSMISSION

3.1 REQUIREMENTS FOR DISTORTIONLESS MEASUREMENTS

The usual analytical or experimental motion response problem re-
quires calculation or recording of a system response variable given a
system model and specific forcing function input. The experimental
determination of the thrust performance of a rocket engine requires
solution of the inverse problem: a system model and response are
given and the forcing function is to be determined.

Thrust measurement by conventional methods involves first a trans-
duction of the thrust force to a mechanical motion response and then a
transduction of the particular motion response to an electrical analog
signal. However, only under certain special circumstances does the
motion transducer yield an output which is a true time replica of the
thrust input.

The thrust function input to a linear thrust measurement system
can be related analytically to the analog output signal by the system
transfer function. Using Fourier transformed quantities, the system
transfer function is related fo the thrust function and the analog output
signal by the following relationship (see Fig. 2):

F(jo) G, (jo) = X(jw) (6)
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From Eq. (8) it can be seen that the most desirable system transfer
function would be:

Giljow) = h = constant scale faclor (7)

since in this case the output signal would be an exact scaled replica of
the input force:

Fjwh = X{jw). (8)

The condition inferred by Eq, {7) is, in the strictest sense, un-
realizable since the energy storage components of the mechanical sys -
tem will cause Gj(jw) to be frequency dependent. Also, from a
practical point of view, it is certain that stochastic processes in the
motion transducer and associated electronics as well as other noise
sources will degrade the fidelity of X(jw) as the analog of F{jw). In
some cases, the transfer function characteristic of Eq. (7) can be
approached by a physical system, as exemplified by a piezoelectric
accelerometer operated well below its natural frequency (Ref. 27).

It is conceivable that a thrust stand-rocket engine system could ap-
proach the response characteristics of Eq., (7) if the system natural
frequencies are at least five times higher than the highest appreciable
amplitude Fourier frequency component of the input thrust.

Under certain circumstances, practically distortionless transduc-
tien, transmission, and recording of thrust data can be attained even
though the mechanical system response is frequency dependent. Dis-
tortionless but time-delayed thrust determinations can be achieved if
the following condition is met {See Ref., 28 for analogous discussion
of distortionless information transmission in electrical networks):

X = hE(L=ty), t> ty (9)

If Eq. (9) is satisfied, then an idealized input-output relationship is
illustrated in Fig. 3.

The form of Gi{jw) to realize time-delayed but distortionless
transmission of thrust information can be obtained by substituting
Eqg. (9) into the defining equation for the Fourier transform (Ref. 28):

o 0
X(Go) = hf F@i~t)e @t -k [ Fipe 90T ' dy,y=t-1, (10)
but
Fljw) = [ F(y)e_]w)‘d_v
Therefore,

X{je) = he-jw[dF(jw) = G, (jo) Fjw)
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It can be seen that for delayed but distortionless transduction and trans-
mission of the thrust data the system transfer function must be of the
form:

Giljw) = heioHd {11)

Eqguation (11) requires that the system transfer function have a
constant gain and linear phase shift characteristic for all frequencies
with appreciable amplitudes in the Fourier series representation of the
thrust function.

One practical solution to approach distortionless response is to
ensure that the mechanical system itself conforms as closely as
practical to the ideal requirements of Eq. (7) or (11), However, it is
important to realize that a distorted mechanical system response re-
corded at the output of the load cell can be amplitude and/or phase
compensated to obtain overall distortionless cutput. The compensation
concept is illustrated in Fig. 4.

From the above discussion, it can be understood that regardless
of the particular technique employed to determine input thrust, the
mechanical and electronic components of the thrust measuring system
should be designed and integrated to yield the transfer function of
either Eq. (7) or (11),

3.1.1 Filter Characteristics for Distortionless Information Transmission

A complete thrust measurement system may include a low pass
filter to attenuate spurious high frequency noise in the output signal
(see Section V). The choice of a filter must meet the requirements for
distortionless information transmission. The principal requirement is
that the filter cutoff frequency be chosen so that none of the appreciable
amplitude Fourier frequency components of the input thrust are ampli-
tude or phase distorted. The desirable filter transfer function would be

6r(je) = Gpla)e 'V« (12)
with

Grlw) = Gp = constant, @ £ weq

Grlw) = 0,0 > wep
and

l{w) = 0

for all w. These filter characteristics are physically unrealizable, and
a more practical goal would be to select a filter which approximates a
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maximally flat amplitude and time delay characteristic in its frequency
passband {Ref. 29). The filter transfer function in this case would be

Grije) = G]"(w)c_‘]w"' €13)
with
Griw) = GF = constant, o £ w(q
Grlwl= 0,w > a4
and
!,
td = % = constant

for all w. The ideal filter characteristics are shown in Fig. 5.

The common filter types, Butterworth, Chebyshev, and Elliptic
function filter, are designed for a maximally flat amplitude character-
istic but inherently possess a nonlinear phase response, hence a non-
linear time delay. A bessel function filter, on the other hand, is
designed for a maximally flat time delay but exhibits an amplitude
characteristic that is inferior to that of the three types listed above.
The amplitude responses of several common filter types of comparable
complexity are shown in Fig. 6 (Ref. 30).

The combination of the desirable amplitude characteristic of the
Butterworth filter and the linear phase characteristic of the Bessel
filter results in a compromise filter termed a transitional Butterworth-
Thomson filier (Ref. 29},

Introduction of fast rise time thrust information should produce no
distortion in the output signal because of transient overshoot and natural
frequency response of the filter, The Bessel filter exhibits superior
transient response characteristics compared to the other common filter
types. Figure 7 shows a comparison of the typical transient responses
of the Butterworth and Bessel filters of similar design complexity.

The Bessel filter is seen to exhibit a larger tq and lesser rate of rise
than the Butterworth filter, but its transient overshoot characteristic
is superior. However, regardless of the filter type used, filtering of
thrust data will always increase the "instantaneous tracking error"
during dynamic thrust periods. The term instantaneous tracking error
is defined in Section 3. 2,

3.2 TIME DOMAIN SPECIFICATION OF MEASUREMENT ERROR

The amount of distortion and time delay introduced by a thrust
measurement system is descriptively specified by a time domain
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quantity termed "instantaneous tracking error’. Instantaneous tracking
error is defined as the algebraic difference between F(t) and X(t) with
both variables determined at a reference time trr. The instantaneous
tracking error concept is illusirated in Fig. 8.

The dynamic thrust measurement techniques to be discussed will be
compared on the basis ¢f the magnitudes of instantaneous tracking error
to be expected with each technique. However, the actual determination
of the instantaneous tracking error for a particular thrust measurement
system requires the use of a dynamic force calibrator. These will be
discussed in the following section.

SECTION IV
DYNAMIC FORCE CALIBRATORS

The wvalidity and accuracy of a particular dynamic thrust measure-
ment technique must finally be proved by comparison of the measure-
ment system output signal with an analog signal representative of a
known dynamic input force. Known dynamic forces can be produced by
exploiting several different physical principles. The production of
dynamic as well as static forces with a Lorentz-type force generator is
particularly versatile and accurate.

4.1 IMPACT FORCE GENERATORS

Impact-type dynamic force generators which require calculation of
the time-function force, considering initial and final energy conditions
of the impacting member and/or the impacted member, are not con-
sidered desirable for thrust stand calibration, The force input as a
function of time is quite dependent upon the conditions of the impacting
surfaces, since resilient surfaces yield longer force durations than
hard surfaces. Metal-on-metal impacts produce impulse-type forces
which excite virtually all the measurement-system natural frequencies
and are a more severe force environment than that to be expected from
a rocket engine. Impacts on resilient material require precise knowledge
of the material properties before the time function force calculation can
be attempted. A calculated force input is not as desirable as utilizing a
scheme which yields an accurate instantaneous analog signal directly
proportional to the force input.

An impact-type dynamic force generator with a very high natural
frequency force transducer as the impacting member has been shown to

10
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be an effective dynamic force calibrator (Ref, 9), The proper resilient
material is placed on the impacting surfaces so that the natural frequency
of the impacting force transducer is not excited by the impact force. The
instantaneous tracking error of the impacting force transducer output
signal, as an analog representation of the force, is negligibly small

since this force measurement scheme very closely approaches the
criterion of Eq. (7). The thrust stand output signal is then compared to
the force transducer signal for dynamic force calibration.

4.2 STEP FUNCTION FORCE GENERATOR

Well-defined step functions of force can be imparted to a thrust
stand by stressing the stand with a wire or cable, until the desired force
level is obtained and then instantaneously severing the restraining wire.
The precise definition of the time dependent force function depends upon
prior, in-place, calibration of the load cell and application of the cable
tension force along the same line of action as the static calibration force.
The production of a true step function force depends upon instantaneous
parting of the restraining wire. An electrical exploding wire device
shown in schematic form in Fig. 9 was built for this purpose. This
device is capable of completely vaporizing a 0. 040-in. -diam tungsten
wire in less than 10 usec - appreciably faster than mechanically cutting
the wire.

4.3 ELECTRODYNAMIC ACTUATOR FORCE GENERATOR

During the course of the experimental thrust measurement investi-
gations, the most versatile dynamic force calibrator was found to be an

electrodynamic actuator. The actuator output force (Lorentz forcel is
given by (Ref. 31):

Fi) = nl() L. x B (14)

where I(t) is the_armat_ure current, L is the spatial orientation of each
armature coil {(LL and B are orthogonal), n is the number of armature
coils, and B is the field strength of the actuator magnetic field.

From Eq. (14) it can be seen that for a constant actuator magnetic
field strength the output force is directly proportional to, and in phase
with, the armature current.

Oscilloscope presentation of the armature current yields instan-

taneous knowledge of the force output from the actuator. A force to
armature current calibration was performed by placing the actuator in

11
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a vertical position, noting the null position of the armature, loading the
armature with known deadweight, and then recording the armature cur-
rent necessary to force the armature back to its original null position.
A differential transformer capable of detecting 10-6 in. displacements
was used to position the armature. The force-to-armature current
calibration is plotted in Fig. 10. When coupled to the thrust measure-
ment system and driven with sinusoidal armature currents, the actuator
is useful for determining the mechanical impedance and resonant fre-
quencies of the system.

To simulate rocket thrust buildup, duration, and termination, a
current function generator was designed and built to drive the actuator
armature. This device is capable of producing preselected linear cur-
rent rise times from 0.5 to 20 msec, constant level current flow from
253 to 300 msec, and current fall times from 0.6 to 20 msec. The
maximum current amplitude is variable from 0 to 12 amp giving a peak
force range from 0 to 75 lb. The function generator is shown sche-
matically in Fig. 11.

Abrupt current changes in the actuator armature produce appre-
ciable inductive voltage transients, and motion of the armature with
respect to the actuator magnetic field generates a back electromotive
force. Both of these phenomena oppose the desired control of the
actuator armature current by the function generator. However, the
differential error control amplifier circuitry of the function generator
possesses sufficient response characteristics to perform high speed
corrections with the result that precisely controlled armature currents
are possible. The back electromotive force produced in the field coil
attributable to changing current in the armature was found to have a
small effect in this particular case. However, even this small effect
is eliminated by error amplifier control circuitry similar to that used
for armature current control and by operation of the field magnetic
circuit in the saturation region of its magnetization characteristic.
Several iypical armature current functions are shown in Fig. 12.

Ideally, an elecirodynamic actuator dynamic force generator
should perform as a single mass body coupled rigidly to the thrust
measurement system so that the generator contributes no additional
degrees of freedom to the mechanical system. This requirement for
fast rise time, high level forces presents a severe mechanical and
electrical design problem. The commercially available actuator used
in this study did exhibit several minor resonances which degraded the
desired force-time function to a small degree. However, an electro-
dynamic actuator custom built for a dynamic thrust measurement sys-
tem could undoubtedly be designed to satisfy the rigidity requirement.

12
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The use of this type dynamic calibrator programmed to produce a
time dependent force function approximating the expected thrust per-
formance of the test engine permits an immediate evaluation of the
measurement system instantaneous tracking error characteristics.

SECTION V
DYNAMIC THRUST MEASUREMENT TECHNIQUES FOR
SINGLE-ODEGREE-OF-FREEDOM MECHANICAL SYSTEMS

5.1 DYNAMIC THRUST MEASUREMENT BY MECHANICAL SYSTEM RESPONSE OPTIMIZATION

No thrust stand-rocket engine system is a single-degree-of-
freedom system in the strictest sense of the definition, and in general
the natural frequency response at any point of the system is given by
Eg. (1). However, in certain cases, systems can be designed to
exhibit predominantly single-degree-of-freedom response in that

ql{d

n
%1 Ch.e-a't cos (wrt + "[’ir) (15)

‘
i=1,2,...,n
with
Cit > Ci2,Cig,+++, Cin

Actual test data from a solid-propellant rocket engine test firing
are shown in Fig. 13, and the single-degree-of-freedon nature of the
thrust measurement system is evident (Ref, 32).

A single-axis, single-degree-of-freedom thrust measurement sys-
tem is shown in simplified schematic form in Fig. 1, along with the
linear, lumped and time invariant, analytical'model. The equation of
motion is:

Mg(t) + Bl - Kqlo = F(b. (18)
One of the most severe dynamic thrust inputs to a thrust measure-

ment system is a step function, Solving the equation of motion (Eq. (16))
for a step function input force yields (Ref. 33):

. L w
X hp g (¢ e "0 0 . / P
= = hp |1 = === sin (wo V1~ t-.-l,b)

A A [ \fl_c‘: o (17)

-1 K = B
¢‘=C°5<amor/——.co‘—p—-——
° M 2 VKM

and A is the magnitude of the step function.

where

13
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A time domain plot of Eq. (17} with {, as parameter is shown in
Fig. 14. From Fig. 14, it is evident that only one natural frequency
is excited by the step input {or any other dynamic input) as was ex-
pected since Eq, (1) for the single-degree-of-freedom system yields:

Ch ¢ O,withCy; = Cpy = ++- Cyp = 0 (18)

The inextricable relationship of time and frequency domain re-
sponses of physical systems provided by the trigonometric Fourier
series, Fourier transform pair, and Laplace transform pair is quite
useful in the study of dynamic thrust measurement techniques. The
sinusoidal steady state frequency response of the system shown in
Fig. lc is plotted in Fig. 15 for several values of the damping ratio, .

The undamped natural frequency, wo, damped natural frequency, w,
and the resonant frequency, wy, are related by the following expressions

{Ref. 34):
w, = V‘l—-(: W (19)

wr = V1-24 w, (20)

and

For small §g it is evident that the undamped natural frequency, damped
natural frequency, and resonant frequency of the system are practically
the same.

5.1.1 Effect of Large

Any periodic time function satisfying the Dirichlet conditions can
be represented by a Fourier trigonometric series. Specifically, the
rocket thrust input to a thrust measurement system can be so repre-
sented. Most conventional thrust measurement systems utilizing load
cell force transducers possess small values of damping ratio {wg = wy).
Examination of Fig. 15 reveals that if the highest appreciable ampli-
tude Fourier frequency component of the thrust function is several
times less than the measurement system resonant frequency then the
system transfer function will approach the criterion set forth in Eq. (7),
since there will be negligible amplitude and phase distortion of the
thrust signal. The equivalent time domain statement would be that the
instantaneous tracking error for any t, will be small, since the system
natural frequeney would not be excited, and the load cell signal will
closely "track' any dynamic changes of thrust,

To physically realize a system of this nature for short rise time,
high level, thrust inputs with appreciable measurement system moving

14
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mass presents quite stringent demands upon the K and hp parameters
of the system spring member and displacement measurement scheme
{hp = volts output per inch displacement}., Since the system natural

frequency is given by
Wo = \/::\(r (21)

a requirement for large wg given a large M necessitates a correspond-
ingly large K. Large K in turn requires a large hp for which there is a
definite limitation with the conventional strain-gage load cell. Although
the strain-gage load cell is a high resolution device, it and associated
electronics do have a definite signal-to-noise ratio limitation,

The successful realization of this type system depends upon whether
hp is large enough to provide an adequate signal-to-noise ratio for small
displacements. Piezoresistive strain-gage elements offer a significantly
larger hpy than that of the metallic foil gages, and recently developed
temperature compensating techniques have resulted in usable semicon-
ductor strain-gage load cells (Ref. 35}. The higher hy allows a larger K
and, therefore, a larger wg for a given system M. Piezoelectric dis-
placement sensing elements have quite high hp values but are limited to
dynamic meagsurements since there is no electrical output for static
deflections. Other displacement sensing devices with higher hp values
than the strain gage can be used. It is not particularly difficult to detect
dynamic displacement changes on the order of 10~7 in, with the linear
variable differential transformer. Capacitive-type displacement trans-
ducers have been shown to detect displacements on the order of 1072 in.
(Ref. 10).

5.1.2 Effect of Optimum Damping

In many cases the system moving mass is large, and it is quite
impractical if not impossible to provide a system K large enough to
yield wgy several times larger than the highest appreciable amplitude
Fourier frequency component of the input thrust. In this situation, short
rise time thrust inputs would be expected to excite the system natural
frequency with resulting large instantaneous tracking errors. However,
tracking error can be confined to the initial portion of the measurement
system response by optimally damping the mechanical system(Refs. 36-37).
The optimum damping ratio is defined as that which just eliminates
transient overshoot and natural frequency "ringing''. Perusal of Fig. 14
shows that a damping ratio in the range 0.65 to 0. 707 is optimum, The
realization of a thrust measurement system with an optimum damping
ratio approaches the criterion for distortionless measurement set forth
in Eq. (11}, since this system possesses a nearly constant amplitude
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and approximately linear phase characteristic throughout its frequency
passband (see Fig. 15).

Even though optimum damping is provided, it is still desirable to
maintain Wwg as large as possible to minimize tracking error during the
initial portion of the system response following a thrust level change.
For example, the rise time of a single-degree-of-freedom system is
inversely proportional to its undamped natural frequency (for a step
function input):

(22)

tej e =
rise time o,

where rise time in this case is defined as the time required for the sys-
tem to respond from 0 to 100 percent of the final static steady state value.

5.1.2.1 Optimum Damping by Servomechanism Techniques

An experimental servomechanism device simulating an optimally
damped thrust measurement system was built and is schematically shown
in Fig. 16. The effective moving mass of the simulated rocket engine
and mounting cradle is 150 lb. Known dynamic forces are imparted to
the system by the electrodynamic actuator {0-75 1b) and pull wire device
(75-2000 lb). System damping is accomplished by precise control of
the armature current of an electrodynamic actuator rated for 3600-1b
maximum force. A practical thrust measurement system would employ
a high quality load cell in conjunction with the damping mechanism. The
system shown in Fig. 16 did not readily permit the use of a load cell,
since the two electrodynamic actuators occupied both possible load cell
positions. Therefore, the spring constant was provided by proper design
of the four plate flexures shown in Fig. 16. Displacement of the system
is measured by a linear variable differential transformer. A deadweight
static force calibrator was used to determine the displacement trans-
ducer characteristic (volts output/lbf input) and the spring constant.

To achieve simple dynamic response, the system was designed to
respond predominantly in a single-degree-of-freedom manner for
which the design of the damping servomechanism is straightforward.
The damper actuating signal can be provided by either lead network
compensation of the displacement signal or by a velocity transducer
signal. The velocity transducer was found to produce more nearly
optimum damping than the lead network. A block diagram of the servo-
mechanism damped system is shown in Fig. 17, The Laplace trans-
formed output signal is given by

SR (hD ) (F(s) + npAp +n, ApAp + ny A\,APAF> . (23)

M s+ 2 w 4+ w?
c o o
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where

and B is the practically negligible damping coefficient of the mechanical
system.

The effect of noise signals is evident, since they all directly intro-
duce error into X(s) as the analog representation of F(s).

The system open loop transfer function is given by

' s
G(s}H(s}) = N (Sz Y mz) (24)
0 (1] [a]

where

{, = —2—

° 2 VKM

and

N - h\’AVAP‘A‘F

M

The root locus plot of this transfer function is shown in Fig. 18 and
indicates that the system should be stable for all values of open loop
gain, N,

However, as stated previously, no complex mechanical structure
such as a thrust measurement system can be expected to respond
strictly as a single-degree-of-freedom system for an unlimited range of
excitation frequencies. Multi-degree-of-freedom mechanical system
response becomes a particular problem when feedback damping is em-
ployed, since the servomechanism may become unstable and oscillate
at one of the natural frequencies {(Ref. 37). Initial operation c¢f the sys-
tem shown in Fig. 16 was unsatisfactory because of sustained oscilla-
tions that were produced as the loop gain was increased, Optimum
damping was not possible because of the instability of the servo-
mechanism. It was found that the system could exhibit a sustained
oscillation at about 530 Hz or 1000 Hz depending upon the rise time of
the input force produced by the electrodynamic-type force generator.
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The slower rise time forces excited the 550-Hz oscillation, whereas the
fast rise time forces excited the 1000-Hz oscillation. Reduction of loop
gain resulted in stable but undamped system response. The frequencies
of oscillation were obtained from oscilloscope photographs.

To accurately determine the natural frequencies, a transfer mechan-
ical impedance plot (amplitude only) was obtained by driving the dynamic
force calibrator with a constant amplitude, variable frequency, sinus-
oidal current, and noting the resultant velocity transducer signal. The
mechanical impedance plot is shown in Fig. 19, The predominant ampli-
tude resonant frequency is seen to occur at 73.5 Hz with lesser ampli-
tude resonances occurring at 555 and 1050 Hz, An almost continuous
spectrum of small amplitude resonances was observed for excitation
frequencies above 1050 Hz,

Once the mechanical impedance data were plotted, an analytical
model of the mechanical system was formulated which yielded a transfer
function capable of producing the observed resonant frequencies having
appreciable amplitudes. This was done so that a more accurate root
locus plot could be made which would reveal the nature of the observed
servomechanism instabilities, Several three-degree-of-freedom models
were analyzed, but only the one shown in Fig. 20a was capable of
analytically predicting the observed instabilities. The application of
D'Alembert's principle or the Lagrangian formulation yields the equa-
tions of motion, and with Laplace transformation of the variables and
algebraic simplification the mechanical system transfer function is
given by

q, (s) K: Ky

_F (=) - [(M,.Sz . K; r Kz) (M;Sz K, + K;) - K:] [M;sz + K:,] - K: [Mlsz + K, + K;] . (25)

Negligible structural damping was assumed in deriving the equations of
motion.

A revised block diagram of the velocity feedback damped system
reflecting the multi-degree-of-freedom nature of the mechanical com-
ponents is shown in Fig. 20b,

The three-degree-of-freedom, lumped parameter model of Fig. 20a
is not a precisely accurate model of the system, since many minor
resonances were detected during the recording of the mechanical im-
pedance data. However, this lumped parameter model along with the
experimentally determined natural frequency data yielded sufficient in-
formation to make the root locus plot shown in Fig. 21.
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This plot predicts instability at the 585-Hz nutural frequency which
agrees with the observed instability for input force rise times of about
5 msec. However, forces having 1/2-msec rise iime were observed
io excite servomechanism instability with sustained oscillations at
about 1050 Hz which is not predicted by thc root locus plot of [ig. 21.
This is an indication of the inadequacy of the model shown in Fig. 20a.
However, the analytical model and the root locus plot do indicate the
nature of servomechanism instability 1o be expected with this type sys-
tem and illustrate the need to minimize the compliance of the mechan-
ical gstructure between the point of application of the input force and the
point of application of the damping force.

At this point in the investigation of the velocity feedback damped
system, two alternatives were available to stabilize the servomechanism.
Compensation circuitry could be designed for the feedback loop, or
mechanical stiffeners could be added to the structure. Mechanical stiff-
eners were added with the result that stable operation of the gervo-
mechanism was possible. Operation of the system with an open loop
gain sufficient to produce cver-damped response of the predominant
natural mode again resulted in instability at one of the higher natural
frequencies. Practical application of this type system would require the
proper design of compensation circuitry to enhance its stability char-
acteristics; otherwise it would exist under the constant threat of in-
stability. In general, rocket engines to be tested with this type system
will contribute natural frequencies to the overall response character-
istic, and compensation circuit design will be required for each
dynamically dissimilar engine. Acdditional problems could be en-
countered if engine operation resulted in different natural frequencies
during the test than those for which the compensation circuitry was
initially designed.

5.1.2.2 Performance Choracteristics of the Stable Servomechanism

Once stable operation was attained, the system shown in Fig. 16
was subjected to periodic force pulses from the dynamic calibrator to
experimentally determine its dynamic force measurement capabilities.
Figure 22a compares the input force to the svstem response with no
feedback damping. The instantaneous tracking error is large for any ty
since the transient respense persists throughout the duration of the in-
put force, Figure 22b compares the input force and system response
with optimum feedback damping. The improvement is cbvicus since
tracking error is essentially zero during the static portion of the input
force. Small tracking error during dynamic force changes {force rise
and fall times as shown in Fig. 22) is directly related to large ws. An
infinite wg with no damping would yield a system satisfying the criterion
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of Eq. (7), whereas an infinite wy with optimum damping ({, = 0. 707)
would yield a system satisfying the criterion of Eq. (11). The system
shown in Fig. 16 approaches the criterion of Eq. (11) only for the
frequencies included in its frequency passband,

Experimental determination of system response for dynamic forces
greater than those provided by the electrodynamic actuator was accom-
plished by preloading the system with a restraining wire to the desired
level and then instantaneously parting the wire to produce a step unload
force. Figure 23 shows the system response for a 300-1b pre-load,
and the effects of optimum damping are obvious. Figure 24 illustrates
system response for a 500-1b preload. The distorted characteristic of
the damped response following the rise time portion was caused by
saturation of amplifier Ay (Fig. 20). If the gain of either Ap or Ap
could have been increased, this distortion would have been reduced.
The accuracy of static thrust measurements using this type system is
dependent only on the accuracy and stability of the in-place calibrated
displacement transducer and associated electronics,

5.2 DYNAMIC THRUST MEASUREMENT BY REACTION FORCE SUMMATION

A thrust measurement system can be represented by the single-
degree-of-freedom model of Fig. lc provided the following conditions
pertain:

1. The rocket engine, engine mounting structure, and attached
ancillary equipment (propellant feedlines, etc.) are considered
as one lumped, time invariant mass,

2. The thrust butt is rigid,
3. The dynamic and static deflections are small,

4. The energy dissipation mechanism is linearly dependent upon
velocity and is time invariant, and

5. The spring rate is a linear function of spring deflection and is
also time invariant.

If the above conditions are realized, the equation of motion of the
system is given by:

Mg(e + Bal) + Kq(v) = F(9 . (26)

This equation is a mathematical statement of Newton's third law or
D'Alembert's principle in that the external force is seen to be equal to
the sum of the system reaction forces. If M, B, and K are accurately
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determined and q(t), q(t), and g{t) are accurately measured and if the
three reaction forces are properly summed, then F(t) can be deter-
mined by reaction force summation., On first encounter, the practical
application of this technique seems to present, at best, a subtle prob-
lem in regard to the accurate determination of the system parameters
and variables and maintaining the proper phase relation between the
reaction force signals to be summed. However, a practical reaction
force summation system is readily attainable when the system is
dynamically simple (predominantly single-degree-of-freedom), and the
damping is negligible. ‘

For all practical purposes, the transient response of many lightly
damped, dynamically simple, thrust measurement devices is given by
Eq. (2):

q,(0 =

n M=

g Ausin(wrt + l,'uil_), i=12-.-,n (27)

-

but with
All >> Alzv Al3s R Ain

The equation of motion for this case is given by:

Mg(t) + Kq(t) = FQ {28)

For the case when B is negligible and Eq. (28) adequately repre-
sents the equation of motion, the application of reaction force summa-
tion techniques yields an accurate method for the determination of F(t).
A practical force measurement scheme employing reaction force sum-
mation techniques is shown in Fig. 25 (Refs. 9 and 38). From Fig. 25
it can be seen that the analog signal, representing the Kq(t) reaction
force, is furnished by a load cell which can be calibrated by deadweight
loading. Here, it is noi required that M be accurately determined or
that ‘g(t) be accurately measured. The only requirement is that M be a
lumped and time invariant mass and that the accelerometer used to
determine q(t) be a linear, constant sensitivity, and high natural fre-
quency transducer with negligible phase shift throughout the range of
excitation frequencies to be experienced. The gain of the accelerom-
eter amplifier is adjusted until the two transducer signals sum to zero
during the natural frequency ringing period following a dynamic excita-
tion. This procedure is in accordance with the requirements of the
homogeneous equation of motion given by:

MX(D) + KX(D) =0 (29)
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5.2.1 Performance Characteristics of the Reaction Force Summation System

The system shown in Fig. 25 was subjected to sharp dynamic force
inputs with a plastic tipped hamimer. The load cell and accelerometer
signals were recorded before summation and are shown in Fig. 26a. It
can be seen that the load cell and accelerometer signals are equal in
magnitude but 180 deg out of phase during the natural freguency ringing
period. The load cell and reaction force summation signals are re-
corded in Fig. 26b, and the load cell error attributable to dynamic
effects is evident. In this cage the actual input force, as a function of
time, is not known precisely, but the reaction force summation tech-
nigue has been precisely correlated with force measurements by analog
computer techniques (see Section 5.4). It is this precise correlation of
data by two independent force measurement techniques that strengthens
confidence in both techniques.

This force measurement system very closely approaches the
criterion of Eq. (7) and the instantaneous tracking error can be made
quite small for single-degree-of-freedom systems. Small time delays
of the output signal referenced to input force are caused by (1) oper-
ational amplifier and signal cable lags, (2) time delays incurred by
the propagation time of the compression wave from the point of appli-
cation of the force to the accelerometer position, and (3) minor delay
attributable to accelerometer response {Ref. 9},

5.2,2 Insensitivity to Thrust Butt Motian

A valuable property of this thrust measurement technigue is its
relative insensitivity to vibrations introduced through the thrust butt
attributable to test cell background vibrations and/or thrust butt motions
attributable to dynamic thrust inputs {(Ref. 9). Considering the model of
a nonrigid thrust butt shown in Fig. 27, the equations of motion are:

Meg® « Bue [de® - 4rp®] + Ky [ag® ~ qpp®] = FO  (30)
and
MTBqTE(T) + BLC [QTB(t) - qTB(t):l + KLC [qTB(l) = qE[[)] (31)

The insensitivity to thrust buit motion can be explained by examina-
tion of Eq. {30). For simplicity, assume F(t} is zero and that external
excitation of the system is provided by a sinusocidal thrust butt motion
given by:

qrg{th = Asinwt (32)

22



AEDC-TR-67-202

Assuming negligible damping3, Eq. (30) reduces to:
Substitution of Eq. (32) into Eq. (33), Laplace transforming all variables,

and with algebraic simplification an expression for the engine displace-
ment is obtained:

Awlo

(s’+cu’) (sz+w:) {34)

Kig
“o = \Thp

Inverse Laplace transformation of Eq. (34) yields

" !
Aw, w sinwt BLEN
qF‘.(l) = 2 8 1 + 10 {35)
W, — @ © ®,

from which the expression for engine acceleration is found

G = (;_;}“’_ow_z) (“m sin@wt — sin wot) (36)

qF‘(S) =

where

0o — @

Substitution of Egs. (32), (33}, and (36) into Eq. (33) yields a zero
identity which shows that the inertial reaction force, Mgqp(t), must be
equal in magnitude but opposite in phase with respect to the load cell

force, KL, [qE(’L) - qTB(t)] for thrust butt motions. The proper sum-
mation of an accelerometer signal measuring EjE{t) and a load cell signal

measuring [qE(t) - qTB(t)] should yield a zero output for any reasonable

thrust butt mctions. Also with negligible damping, this same summation
should yield an analog signal representative of the input force in ac-
cordance with Eq, (30).

3This is a valid assumption for a large number of thrust measure-
ment systems since contributions to B attributable to engine, engine
mounting assembly, and load cell structural deformations are quite
small. Contributions to B by dragging instrumentation leads and pro-
pellant feedlines can be minimized by good design practices. Mechan-
ical energy dissipation attributable to stresses in solid propellants can
represent a subtle but probably small contribution to B.
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Any arbitrary thrust butt motion other than a sinusoid could have
been assumed to illustrate the insensitivity to such motion, The
arbitrary thrust butt motion function could be expanded in a Fourier
series and substituted info Eq. (33) term by term. The principle of
superposition could be used to illustrate that the summation of responses
attributable to each Fourier component again yields the same result.

5.2.2.1 Experimentol Yerification of Insensitivity to Thrust Butt Motions

The isolation mass (thrust butt) of the system shown in Fig. 25 was
placed on a compliant support permitting displacements of about one-
eighth inch and then was subjected to very heavy hammer raps (approxi-
mately 500-1b peak force}. No significant output signals were noted as
predicted by Eq. {33). A practical consideration, to realize this in-
sensitivity to thrust butt motion, is that the accelerometer frequency
response must extend down to the frequency of the thrust butt motion.

5.2.3 Further Applications of Reoction Force Summation Techniques

The application of reaction force summation techniques for rocket
engine-thrust stand systems exhibiting multi~degree-cof-freedom
response becomes quite complex. This is attributable to the noncon-
formance of physical systems to simple lumped parameter models and
the resultant nebulous decision as to where the additional accelerom-
eters should be located and to the practical impossibility of instrument-
ing the additional spring elements.

Significant structural damping in the rocket engine-thrust stand
system results in a phase shift of the load cell and accelerometer sig-
nals other than 180 deg, which introduces error in the summation
signal. However, it is feasible to provide a damping reaction force

signal, BLC[EIE(t) - é‘TB(t)] , for summation and correction of this
error by differentiating [qE(t) - qTB(t)] .
The static thrust measurement accuracy of the reaction force sum-

mation technique is dependent only on the accuracy of the load cell data,
provided that the electronics associated with the QE(t) and

[qE(t) - qTB(t)] variables remain stable and contribute no spurious

signals,
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5.3 DYNAMIC THRUST MEASUREMENT BY ANALOG COMPUTER COMPENSATION
5.3.1 ldeal Computer Compensator

In Section III, it was pointed out that under certain circumstances
a distorted output signal from the thrust measurement system load cell
could be amplitude and/o1 phase compensated to obtain a distortionless
analog representation of the forcing function (see Fig. 4).

Using Laplace transform terminology, the response, X(s}, of a
linear thrust measurement system is related to the input forcing func-
tion, F(s), by the system transfer function, Gi(s):

(s} = I'(s) G,(s) . (37)

The ideal compensator transfer function, Ga(s), is the inverse of the
mechanical system transfer function so that:

AXts) AT L) G,(s)
G, {s) G, {s)

= AF{s) (38)

where

Gz(s) = A
G, (s)

and A is a constant,

The transfer function for a linear single-degree-of-freedom mechan-
ical system with constant parameters is given by:

X{s) w, hp
— Gl(s) = o
F (s} <K ) (s2 + 24"&)03 + w:) (39)

Therefore, ideally, the compensator transfer function is given by:

Gils) = A(s* + 2L 0,8 = o), (40)

Theoretically, analog computer circuitry can be designed to yield
the ideal compensator transfer function with resultant mechanical
system-compensator conformance with Eq. (7). However, this re-
quires the use of differentiators which are undesirable because of the
following characteristics:

1. Differentiators decrease the signal-to-noise ratio, and

2. Operational amplifiers used as differentiators can easily be
driven into saturation and overload by high frequency signals
and noise,
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The objection to differentiator circuitry leads to compensator cir-
cuitry utilizing approximate differentiators or circuitry which depends
only on integrators, gain amplifiers, and summing amplifiers.

5.3.2 Characteristics of Practical Compensators

The transfer function of a realizable, practical compensator is
given by;
A(s2 + ZCowos + (u:)
(s2 + 20 @ s+ cu:)

where the subscript, o, refers to original system parameters and the
subscript, ¢, refers to compensator parameters. The zeroes of the
compensator are seen to ''cancel' the poles of the mechanical system.
The compensator poles ideally should be located on the s-plane such

that wg }1 - Cg is at least five times greater than the highest appre-

Gols) = (41)

ciable amplitude, Fourier frequency component of the input forcing
function, In actuality, this is not always practical, in which case we
should be chosen such that w, = 10wg with the compensator pole response
a maximally flat amplitude, linear phase characteristic. The particular
choice, we = 10wg, is dictated by the signal-to-noise characteristics of
the load cell signal. The s-plane characteristics of the practical com-
pensator are shown in Fig. 28.

The frequency response characteristics of the compensator and
mechanical system are shown in Fig. 29. It can be seen that the com-
pensator possesses an inverse amplitude and phase characteristic to
that of the mechanical system up to the frequency at which the compen-
sator poles begin to appreciably affect its response.

The time domain response of the mechanical system-compensator
combination approaches the criterion of Eq. (11), and slightly time de-
layed but distortionless response is to be expected. Compensator cir-
cuitry can be synthesized with passive circuit elements, but analog
computer circuitry is more versatile in that the transfer function is
easily changed by changing amplifier gains and potentiometer settings.

5.3.2.1 General Three-Amplifier Compensator

A general analog computer circuit to realize the transfer function
of Eq. (41) is shown in Fig. 30. The transfer function of this general
system is given by (Ref, 39):

-1 gs’ + (bg+ eg— ah—ck) s + (beg+ dgq+ chq+ adk — aeh = bek) ]

Gyi(s) = (42)

(s’ + (b+e-hr—tk) s+ (be+ dg+ fhg+ dkr — ebr— bik) )
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where a-h and k, g, and r are potentiometer settings. The amplifier
gains and potentiometer settings are adjusted to realize the desired
transfer function. This circuitry has been shown to perform effectively
when used to compensate transient data typical of that of a low natural
freguency thrust measurement system (Ref. 40}, The on-line capa-
bility of this computer circuitry is limited to low natural frequency
thrust measurement systems attributable to gain and voltage levels re-
guirements greater than the ratings of conventional computer amplifier
stages. Generally, the use of this circuitry requires that the load cell
data be recorded on magnetic tape. The recorded data arec run at a
slower speed than the original record speed, and the distorted thrust
information is computer compensated. The compensated tape data are
then run at the original record speed, and the analog representation of
the input thrust is obtained,

5.3.2.2 Simulated Thrust Stond- Feedback-Type Compensatar

Effective computer compensation is possible with yet another
approach. The thrust measurement system transfer function, X{(s)/F{s),
is simulated with computer circuitry. The difference between the load
cell and simulated system outputs is made to approach the actual time
representation of the input thrust (Ref. 41). A block diagram of the
circuit is shown in Fig. 31. The transfer function of the compensator
is seen to be:

B A A, (sz + 240(.-)05 - (";)_
G;(S] = (52 A 2¢C@cs N w:) (43)

A A,
(2§0co0 + ——ZM )

2 2 AL Ay
(x)c &)0 + —__‘J

The on-line capability of this circuitry is limited to low natural
frequency thrust measurement systems (f; <2 Hz) for the same reasons
given for the first computer technique.

where

T
o~
A
g
)
L]

and

5.3.2.3 Approximate Differentiator Compensator

Analog computer circuitry utilizing approximate differentiators is
capable of on-line compensation of systems with natural frequencies up
to several hundred thousand Hz (Ref. 42}). A simplified block diagram
of this type compensation circuitry is shown in Fig. 32.
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Approximate differentiators are used to circumvent the problems of
the straight differentiator. The transfer function of the circuit shown in
Fig. 32 is given by:

A(sz + 2{00)05 + w:)
(s + 12&)0)2

Use of this circuitry effectively increases the bandwidth of the basic
thrust measurement system by a factor of 12. The use of compensators
does amplify high frequency noise, and their use requires an input signal
with a good signal-to-noise ratio characteristic. The severity of the
noise amplification problem increases as the mechanical system natural
frequency decreases since spurious signals at power line frequencies
and signals arising from background vibrations as well as random pro-
cess noise may be amplified by the compensator. Noise frequencies
higher than the highest appreciable amplitude Fourier frequency com-
ponent of the thrust signal can be attenuated with filters. Filters should
be chosen according to the criteria discussed in Section 3. 1. 1.

G: (S) =

(44)

5.3.2,3.1 Performance Characteristics of the Approximate Differentiator

Differentiator-type circuitry was used to compensate the distorted
load cell data and to recover the dynamic force imparted to the system
shown in Fig. 33. Typical results are shown in Fig. 34, and it is con-
cluded that an accurate recovery of the force is accomplished since
the data have been precisely correlated with that of the reaction force
summation technique (see Section 5. 4},

The use of filters to suppress high frequency noise introduces
phase shift and increases the instantaneous tracking error. However,
the use of linear phase filters is still compatible with the criterion of
Eq. (11) provided the cutoff frequency is chosen so that no thrust in-
formation is lost, The resulf is that time delayed but distortionless
measurement is still possible,

Mulfi-degree-of-freedom response of a thrust measurement system
with all the natural freguencies occurring in the same frequency decade
can conceivably be computer compensated with one complete compen-
sator circuit required for each degree of freedom. Successful computer
compensation can be carried out regardless of the analytical model-
lumped parameter, or distributed parameter. The only requirement
for programming the computer is that the natural frequencies and
associated damping characteristics be known. In contrast to this
versatility, compensation for multi-degree-of-freedom response (ex-
cluding the degrees of dynamic freedom of the thrust butt) utilizing
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reaction force summation techniques is practically impossible because
of the uncertainty as to where the additional transducers should be
located., The accuracy of static thrust measurements with computer
compensation is dependent only on the inplace calibration accuracy of
the load cell and the stability of the associated electronic equipment.

5.4 CORRELATION OF DYNAMIC THRUST DATA BY REACTION FORCE SUMMATION AND
COMPUTER COMPENSATION

A critical evaluation of any dynamic force measurement technique
must finally be effected by comparison with a known force input. The
electrodynamic-type dynamic force generator discussed in Section 4.3
was not available at the time reaction force summation and computer
compensation techniques were being evaluated. However, the precise
correlation that was obtained with these two independent techniques with
somewhat arbitrary force inputs (hammer raps) for & range of peak
force amplitudes from 50 to 500 1b seemed to prove the validity of using
either technique for a single-degree-of-freedom mechanical system
with negligible damping.

The system shown in Fig., 33 was subjected to sharp hammer raps,
and the outputs from the two measurement circuits were displayed
simultaneously on a dual-beam oscilloscope. The computer compensa-
tion circuitry exhibited several microseconds delay as compared to the
reaction force summation circuitry, This was caused mainly by the
noise filter placed between the computer output and the oscilloscope in~
put. The two oscilloscope presentations were positioned horizontally
until the displayed signals were coincident, and then the system was
subjected to the hammer raps.

Both force measurement circuits were adjusted for optimum tran-
sient response by repetitively rapping the system with a hammer and
manipulating the amplifier gains and attenuator potentiometer settings
until no natural frequency effects could be seen on the oscilloscope.
The oscilloscope presentation scale factor, pounds input/centimeter,
was determined for the entire force measurement system, including all
electronic components, by deadweight calibration.

Figure 35 illustrates that the two techniques can produce precisely
the same results even for high peak level and fast rise time forces.
Identical linear phase filters (passband 0-5 kHz) were placed at hoth
oscilloscope inputs for the data shown in Fig. 35a. In Fig. 35b the data
were obtained when the filter was used with the computer, but the
reaction force summation circuitry was unfiltered. The identical results
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obtained in Figs. 35a and b show that no force information was lost by
filtering the computer output signal. The recorded force information
shown in Fig. 36 was obtained by a high peak force hammer rap with
a less resilient material inserted between the impacting surfaces than
that used to obtain the data shown in Fig. 35.

The fact that reaction force summation and computer compensation
techniques can yield identical results enables the thrust measurement
system designer to take advantage of the best qualities of each. The
combination of the two techniques results in a "hybrid" system capable
of dynamic thrust measurement with multi-degree-of-freedom mechan-
ical system response.

SECTION VI
DYNAMIC THRUST MEASUREMENT TECHNIQUES FOR
MULTI-DEGREE-OF-FREEDOM MECHANICAL SYSTEMS

The determination of the static thrust vector for a particular rocket
engine requires a measurement system capable of resolving and meas-
uring the component forces. The accurate determination of each force
component requires particular attention of the thrust stand designer to
minimize the sources of error listed in Section 1.2. The determination
of the static interactions between the force component measurement
mechanisms requires a well-designed and complex calibration pro-
cedure (Ref. 43).

The determination of the thrust vector during dynamic thrust periods
would in general require compensation for at least as many natural modes
as there are force components to be determined. A six-component thrust
stand would possibly require compensation for six natural modes for each
of the force component measurement mechanisms. Add the natural modes
contributed by the dynamics of the thrust butts and multi-degree-of-
freedom response of the rocket engine and mounting assembly, and the
problem of accurate dynamic thrust determination becomes formidable.
The magnitudes of the Cir coefficients of Eq. (1) will determine if the
particular r mode is significant enough to require compensation. Fortu-
nately, some of the r modes are insignificant for well-designed thrust
stands, and in many cases compensation for the effects of several signifi-
cant natural modes is practical.

A multi-degree-of-freedom response problem that exists in a large

number of conventional thrust stands is attributable to nonrigidity of the
thrust butt {Refs. 20 and 22). The reaction force summation technique
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was shown to be inherently insensitive to thrust buit motions regardless
of the mechanical complexity of the thrust butt. However, this tech-
nique is not readily usable for compensation of rocket engine and engine
mounting structure natural modes other than the predominant one.

Considering again the relatively simple two-degrec-of-freedom
model illustrating a nonrigid thrust butt shown in Fig., 27 and assuming
negligible damping, the load cell force {o thrust force transfer function
can be shown to be:

KI-C [qE(S] - qTB(q)]
Fig)

2

_ [Mrp s + Kyp]
. . . 2 . A
[(MeMrg) s - [Me (KLg + Kpg) + MKy ]+ K (Kopy

Solving the characteristic equation for 52 yields the two natural fre-
quencies, and for this simple model two tandem stages of computer com-
pensation could be employed to recover the true input foreing function
(provided the two natural frequencies occur in the same frequency decade).
However, should the thrust butt respond dynamically in a more complex
manner, introducing several natural frequencies, the tandem connection
of computer compensation stages soon reaches a practical limit.

(45)

The combination of the unique properties of the reaction force sum-
mation technique (insensitivity to thrust butt motions regardliess of com-
plexity) and computer compensation technique (capable of compensating
for rocket engine and mounting structure natural frequencies regardless
of lumped parameter or continuous media origin) results in a versatile
dynamic thrust measurement scheme superior to either technique alone.

The optimally damped servomechanism dynamic force measurement
technique has been shown to be feasible for single-degree-of-freedom
systems. Additional degrees of freedom can actually contribute to servo-
mechanism instability unless proper compensation circuitry is included
in the design. In general, each rocket engine to be tested will contribute
different response characteristics to the overall mechanical system
response, and the servomechanism control loop will have to be redesigned
to ensure stable performance. If the system natural frequencies change
appreciably during the firing (natural frequency change caused by mass
loss of solid-propellant rocket engine, etc,}, the servomechanism could
become unstable. Regardless of the stability of the servomechanism,
the force analog signal may contain the effects of multi-degree-of-
freedom response of the mechanical system. However, with the servo-
mechanism designed to optimally damp the largest amplitude natural
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mode, computer compensation techniques could be used to compensate
for the effects of the other natural modes. The damping action of the
servomechanism, discussed previously, was completed within a very
short period of time after the termination of a dynamic force change,
and the system was quickly returned to the static steady state. A prac-
tical consideration of this fact, whether the mechanical system response
is or is not multi-degree-of-freedom, linear or nonlinear, is that with
optimum performance of an active damping device the system is quickly
returned to the static steady state following an input force change, and
the static force measurement accuracy of the load cell is available,

SECTION VII
SUMMARY OF RESULTS AND CONCLUSION

Three independent techniques, (1) mechanical system response
optimization (optimization of system natural frequency, or optimally
damped system), {2) reaction force summation, and (3) computer com-
pensation, have been shown to be capable of performing dynamic thrust
measurement in conjunction with predominantly single-degree-of-
freedom, linear mechanical systems.

One possible solution to the dynamic thrust measurement problem
for single-degree-of-freedom systems is to ensure that the thrust meas-
urement system spring member is sufficiently stiff so that the system
natural frequency is not excited, If this condition is met then the input
thrust is balanced by a large spring reaction force and practically
negligible inertial and damping reaction forces, A practical limit to
increases in spring constant is dictated by the sensitivity of the trans-
ducer used to measure the displacement across the spring member.

The displacement transducer signal is used as the analog signal repre-
sentative of the input thrust.

The system spring constant can conceivably be furnished by a well-
designed position servomechanism or by a conventional load cell, the
choice being dictated by the (1) values of K possible with each approach,
(2) reliability of the prime K mechanism and auxiliary equipment,

(3) stability characteristics of the servomechanism, (4) compatibility of
the K mechanism with the test environments, (5) complexity of mainte-
nance procedures, (6} cost, and {7) ease of operation. However, the
provision of the large spring constant does not necessarily ensure accu-
rate dynamic thrust measurements since multi-degree-of-freedom
response of the test engine and mounting structure may introduce signifi-
cant amplitude natural modes producing spring member reactions
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indistinguishable from the effects of true thrust forces. However, com-
puter compensation circuitry could be used to compensate for these
natural modes.

The optimally damped servomechanism system is feasible for single-
degree-of-freedom mechanical systems but requires careful control loop
design to ensure stability when multi-degree-of-freedom mechanical
system response is encountered. The largest instantaneous tracking
error occurs during rapid thrust level changes. However, computer
compensation as an auxiliary component is capable of significantly re-
ducing this error. Multi-degree-of-freedom mechanical system response
produces tracking errors in the output signal of the optimally damped
system. Computer circuitry can again be used to compensate for the
effects of several natural frequencies to significantly reduce this track-
ing error,

Reaction force summation techniques are easily applied for single-
degree-of-freedom mechanical systems with negligible damping. This
technique has been shown to be insensitive to thrust butt motions but is
not capable of compensating for multi-degree-cf-freedom response of
the rocket engine and engine mounting structure.

Computer compensation techniques can be applied in a straight-
forward manner for mechanical system response exhibiting several
appreciable amplitude natural frequencies. Natural frequency and
damping characteristics are easily programmed into the computer.
This technique is not limited to on-line data compensation, since tape
recorded data can also be computer compensated.

Taped load cell thrust data played back on a tape loop machine with
the signal presented on an oscilloscope is easily computer compensated.
One computer section could be used to compensate for several natural
frequencies by running the tape loop machine, compensating for one
natural frequency, recording this compensated data and then repeating
the procedure on the new tape for the next natural frequency. There is
a practical limit to the number of appreciable amplitude natural fre-
quencies that can easily be compensated. Nearly equal amplitude,
nearly equal frequency natural modes would be most difficult to com-
pensate. Fortunately, a large number of existing thrust measurement
systems exhibit one natural mode having a large amplitude with higher
natural frequency, lesser amplitude responses superimposed.

Analog computer compensation circuitry can possibly be programmed

to take into account the mass loss of solid-propellant rocket engines,
thereby decreasing the compensation error attributable to the changing
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natural frequency and damping ratio of the mechanical system. The
time integral of combustion chamber pressure or a pre-programmed
function of engine burn time could be used as the actuating signal to
correct for the changing natural frequency and damping ratio.

Before any of the compensation techniques are attempted, the
degree of linearity of the thrust stand response should be ascertained
since some large stands exhibit decidedly nonlinear dynamic response
characteristics (Ref. 44).

An essential component of a dynamic thrust measurement system
is the dynamic force calibrator. A dynamic force generator of the
electrodynamic actuator type has been shown to be an accurate and
versatile dynamic calibrator. Driving the actuator with sinusoidal
currents permits the determination of the mechanical system frequency
response. The most useful feature of the actuator is realized when the
armature is driven by a precise current function generator which pro-
duces a time function force simulating the expected thrust performance
of the test engine. Repetitive production of this forcing function with
simultaneous presentation of the actuator current waveform and meas-
ured force analog signal on an oscilloscope permits rapid optimization
of the particular dynamic force measurement technique being employed.
The tracking error can then be directly determined from the oscillo-
scope presentations. Experience has shown that it is possible to
optimize any of the dynamic measurement techniques in such a short
time that the temperature rating of the actuator armature coil is not
exceeded so that forced cooling with attendant complexity is not required.

Assessment of the dynamic thrust measurement problem and the
capabilities of the available dynamic compensation techniques vividly
demonstrates the requirement for the simplest thrust stand dynamic
response obtainable, Experience has shown that even the response
characteristics of the thrust stand side load flexures can adversely
affect the overall mechanical system dynamic response by introducing
unwanted natural {requencies. Compact rigid mechanical design utilizing
materials with a large value of Young's modulus is obviously conducive
to desirable dynamic response, as is the minimization of the total
moving mass and maximization of the spring constant of the force
restraining spring member.

Considering the previously mentioned characteristics conducive to
good dynamic measurements, a conceptual design of a single-axis thrust
measurement system optimized for dynamic as well as static measure-
ments is shown in Fig. 37,
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The load cell is a temperature compensated piezoresistive strain-
gage type and is bolted to a massive, braced, thrust butt. Inevitable,
though possibly negligible (depending on peak thrust force and thrust
rise time), thrust butt motions do not appreciably degrade the dynamic
force measurements since reaction force summation techniques are
employed to compensate for the predominant amplitude system natural
frequency. Computer circuitry is used to compensate for the lesser
amplitude natural frequencies contributed by the test engine and its
mounting structure.

The electrodynamic actuator dynamic force calibrator is con-
structed as an integral part of the metal housing for the accelerometer.
Dynamic calibration forces are thereby imparted, approximately, at
the same point as thrust forces transmitted by the rocket engine
structure.

A high temperature accelerometer is used because of the possible
adverse effects caused by heat conduction from the engine. The water-
cooled heat shield should practically eliminate problems of heat radia-
tion from the engine and engine exhaust plume.

Figure 37 does not show the details of the static force calibrator.
However, this device would consist of conventional pull rods which
engage the plate stiffener at the rear cof the fins supporting the dynamic
calibrator armature coils. The pull rods would pass through the
thrust butt to be mechanically coupled to a deadweight loading mechanism.
When not in use, the pull rods would be disengaged from the plate
stiffener.

This system would be directly usable with physically small engines
which could be secured directly to the attachment adapter. Larger
engines would require cradle mounting structure and weight support and
side load flexures. Experience has shown that plate flexures provide a
compact scheme for weight support with simultaneous restraint for
side loads. The plate flexures would have to be "tuned" with movable
horizontal clamps for besi dynamic response.
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APPENDIX I
ANALYTICAL CALCULATION OF MECHANICAL STRUCTURE TRANSIENT RESPONSE

A mechanical structure such as a thrust stand-rocket engine system
oftentimes may be adequately represented by a model with constant and
lumped parameter components. If the energy dissipation mechanisms
are viscous in nature (damping force proportional to velocity) then the
equations of motion of relatively simple structures are readily derived
by application of D'Alembert's principle. The equations of motion for
complex mechanical structures may be derived by application of the
Lagrangian formalism:

_d { oL . _9L dD_ _ i =1,2,...,n,
ar (aq;) da* " dg Qo i L2.e,n (I1-1)

where
L = T - V is the Lagrange function,

=3
[

2
—;-— = M,q} is the system kinetic energy,
1

- 4 1 .
V = -é— izk K i (q*: - qi) 1s the system potential energy,

D L s B ('! '*)2 is the Ravleigh dissipation function
2 5 ik 4 = G 8 vieig patto ctionk
The terms q’i“, qf and Qi are the generalized displacements, generalized

velocities, and generalized external forces, respectively; and i and k are
coordinate point summation indices,

The solution to the motion problem of a multi-degree-of-freedom
system with a large number of coordinates is facilitated by application
of the Lagrangian in conjunction with matrix formulation of the equations
of motion (Ref. 45):

(M1 {§*) + [B] {4~} - [K] {q*} - Q] (I1-2)

where [M], the mass and moment of inertia matrix, [ B], the damping
matrix, and [K], the stiffness matrix are n x n square matrices, and
i'd*% s if;*;i, i q*%, and ;Q: are single column matrices with n elements,
where n is the number of degrees of freedom.
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The solution of the homogeneocus equation of Eq. (II-2) yields an
expression for the natural frequency responses of the g; coordinates.
The solution ig of the following form (Ref. 45):

n n
g = X Ase -« I AT, i=12...,0 {I1-3)

i

JQ‘:‘ 7 -
' and 2A;, = Cyyre Y are the displacements of the

where 2A;y = Cjpe
M; mass point at the g; coordinate for the Ay = -, + juy and

)L,r = -0, t jwy eigen values.
Equation (I-3) can be expressed in the form:

n

—a, t

qt = 21 C”_e Gr cos ("th + l[/ir), 1= 1,2,-..,0, (11-4)
=

where the subscript ir is to be interpreted as the response at coordi-
nate i attributable to the natural frequency r.

When the energy dissipation of a linear system is negligible, the
theory of normal mode of vibration is quite useful, since the response
problem is amenable to matrix integration methods and digital com-
puter solutions (Ref. 45).

Employing the Langrangian formalism and matrix formulation, the
equations of motion can be written as:

[l {q) + KD fq*) = {Q) {IL-5)

The natural frequencies are determined by assuming solutions of
the form:

QT = A; sin (wt + &) (IT-8)

and substituting these solutions into the homogeneous equations of
motion:

(] g™ + (K] ") =0 (11-7)

{
s
vields

™=

Z Ruh = Mefh i L2 (11-8)
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The n homogeneous linear equations have nontrivial solutions if the
determinant of the Aj and Ak coefficients vanishes (Ref. 46)

| K ~ Mjo®sigll = 0 (11-9)

where &jk is the Kronecker delta. The solution of Eq. (I-9) for w2
yields the natural frequencies. Substituting the w%, wg, SR wg
values into Eg. (I-8) yields n simultaneous equations for the Aj and Ay,
The solution of the homogeneous equation, Eq. (I-7), is given by

(Ref. 45):

Airsin (&)rt + 5[’“), i = l’ 2’ LA I U (II-]O)
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